
1.,. J. Sulub SlnKl"'.. Vol. =7. So. 3. pp. 343--354. 1'1\11
Pnnted In Great BnWD.

OO~7683,91 UOO ....OO
C 1'IIlO Pergamon Presa pI<:

EXTERNAL CIRCULAR CRACK UNDER
CONCENTRATED ANTISYMMETRIC LOADING

V. I. FABRIKANT
Department of Mechanical Engineering. Concordia University. Sir George Williams Campus.

1455 de Maisonneuve Boulevard. West Montreal. Canada H3G IM8

(Receil'ed 13 OCII/ber 1989; in reI:isedform 10 January 1990)

Abstract-A complete solution is given for the first time to the title problem. Explicit expressions
are derived for the field of stresses and displacement in a transversely isotropic space weakened by
an external circular crack and subjected to two antisymmetrically applied concentrated forces. The
method is based on the new results in potentia\theory obtained by the author earlier. The presented
results may be used as Green's functions for a general case of antisymmetric loading so that the
complete solution can be presented in quadraturcs.

INTRODUCTION

The external circular crack may be perceived as two elastic half-spaces connected in the
plane: = 0 by a circul.lr domain which is called hereafter the crack neck. Utliand (1967)
was. probably. the first to consider the equilibrium of an isotropic elastic body weakened
hy an external circular crack and subjected to the action of two antisymmetric normal
forces hy an integral transform method. The same problem for the case of trcmsl'erse(l'
isotropic body was solved in Fabrikant (1971). All these solutions define the elastic field
in the plane: = 0 only. We call a solution complete when the explicit expressions are given
for the stresscs and displaccments all over the elastic spacc. One may argue that since the
stresses exerted in the crack ncck are known. we can substitute them into the Roussinesq
point force solution (which is well known. for example. see Fabrikant. 1970) and obtain
the complete solution in quadratures. Theoretieally. this can be done. but practically. this
solution would be of lillie use since it would re4uire double integration. with the integrand
being singular. The computing time for this procedure would be quite significant. and its
accuracy would be very doubtful. This is the main reason why. to the best of my knowledge.
nobody has tried so far to obtain a complete solution. even in the ease of an isotropic body.
On the other hand. knowledge of the complete solution is ofgreat interest since it is essential
for consideration of more complicated prohlems. For example. using linear superposition
of the solutions for symmetric and antisymmetric loading. we can obtain the solution to
the problem of one-sided loading of a crack.

The complete solution has become possible due to the new results in potential theory
obtained by the author. Fabrikant (1989). The expressions for the stresses in the crack neck
are fed in the point force solution. with one important distinction: the integrals are computed
in elementary functions and lead to remarbbly simple and elementary expressions.

TIIEORY

Consider a transversely isotropic e1nstic body which is characterized by five clastic
constants A,. defining the following stress-strain relationships:

au, au,. ow
U v = (AII-2A6~)-.:l +A 11~ +AI3~'

. uX vy u:

au., GU v ow
u: = A 13 -.:l + A 13;;-'- + A JJ :1_ •

uX uy u~

343



V. L FMIRIKAST

The equilibrium equations are:

ca( C!... O!:.t )
-+-+-~-",d.ex cy c:

Substitution of (I) in (2) yields:

a!n ca,< C! ..: 0-'. + 7'-+ -,-' ;:: .
ex cy c:

(I)

(2)

(3)

Introducing complex tangential displacements u ;:: Ii, +iu,.• and ii = 1I,-illy will allow us to
reduce the number of equations in (3) by one. and to rewrite these equations in a more
compact manner. namely.

(4)

f fere the following dillcrenti:,1 operators were used:

(5)

and the ovcrbar indicates the complex conjugate value. Note ulso that L1 = Ai\. One can
verify that eqns (4) can be satisl1ed by

aFt ()F,
I\' = nil -- +m, --'0: . 0: (6)

where all three functions F,c satisfy the eqn (Elliot!. 1948);

and the valucs of mit and tit are related by the following expressions (Elliott. 1948):

(7)

(8)

Introducing the notation =k ::= =!tlt. for k ::= 1,2. 3. we may call function Fit = F(x,y. =It}
harmonic. Note the property mtm~ = I. which seems to have escaped the attention of
previous researchers. and which will help us to simplify various expressions to follow. The
other elastic constants which will be used throughout the paper are:
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G1 = fJ+717~H, G~ = fJ-y,y~H,

H= (71+y~)AI'" ~=(AI,AJJ)'/~-AIJ fJ-~ (9)
21t(A IIA JJ -Ail) A 11('11 +y~) , - 21tA u .

Introduce the following inplane stress components:

(10)

This will simplify expressions (I). namely

( II)

We have now only four components ofstress, instead of six, as it was in (I). The substitution
of(6) in (II) yields:

( 12)

Here we used the fact that each F. satislies eqn (7), and the relation:
Ald-Allnl. = A~~(I +nlk), (for k = 1,2) which is an immediate consequence of (8).
Expressions (6) and (12) give a general solution, expressed in terms of three harmonic
functions F•. It is very attractive to express each function F. through just one harmonic
function as follows:

where =. = =/'1., and Ck is an as yet unknown complex constant. As we shall see further,
this is indeed possible. All the results obtained in the paper are valid for isotropic solids,
provided that we take

f3
= I +v, (2 - v)( 1+v)

1t£ G 1 = 1t£ '

'II = '12 = Yl = I,
I-v~

f[ = ._~

1tE '

1-2v
~=---

2(1-\')'

v(l+v)
G, =---

• 1t£' ( 13)

where £ is the elastic modulus, and v is Poisson's coefficient.
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We consider a transversely isotropic elastic space weakened by an external circular
crack of radius a in the plane === 0 (Fig. I). Let two point forces P be applied to the crack
faces antisymmetrically in the 0; direction at the points with cylindrical coordinates
(r, t/!. 0+) and (r, t/!. 0-). The problem~ due to antisymmctric loading. can be reduced to
that Of'l h;,df~spl.lt.'e ;: ,;<:!:: 0, with the bound.try conditions at the plane;: = 0

tt;::: U. forO ~ {J ~ a. O~ r/J < 21t;

f1 "'" o. for 0 ~ I' ~ a. () , IP < 21t;

IT = P(5{p--f\tP-t/l)!f}. for (/ ~ 11 ~ tXl'. o~ 4t <: 21t;

f =0, ct ~ f1 ~ 00, o~ fP < 21t. {i4}

Here (f '!!!! ..·rrJ nnd r ~ -t: mi they arc: dcllOl.:d in (12). h iN known (Fnbrikant.
19M9) that in the elise of a mlnsvcrscly isotropic clastic h'llf-spm,:c subjected to u general
concenfrated fol'l'C with Ihecompl)nent~ 1',. Tv and fl, thccomplelc solutton can bccxflrcssed
through the thn:cpott:ntial rtmcHons:

(15)

Here {PO" if1o}t!f the point of the boundary where the concentf'Jted force is applied;

XJ;(:) :=;l X:(;k)~ R,,= tp~+p~-2pp(J cos (4)-.pll)+:;JI!2~ fork = t,2~);

X(;:) = T[: In (RQ+=) - Rn], T =, T, + iT.. Rn :l1> [p2 +p~ - 2ppo cos {fjJ - ¢(IH.:2Jt1
2

•

(f6)

Substitution t)( (til-{l6) in (6) yklds
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Here

Expressions (17) and (18) simplify for the case when == 0

Here .11 is the real part sign; If,x. G I. and G 2 are defined by (9). and

R = [p 2+p~ - 21'1'0 cos (cl> - cPn)]I'!.

(19)

(20)

(21 )

(22)

Expression (20) can he used for the integral equation formulation of the problem. The
governing integral equation will take the form (Fabrikant. 1lJ71)

G l f2"f"!Cpn'Cl>n) G!f!"f"C/f(l'l),cl>n) IIrx.P
., R

I'u dl/n dcl>n + ., I I'n dl'n dcl>n = -, ",.._ n n _ 0 0 R 1'( .0/> - re .,

(23)

Here! stands for !: as it was defined in (10). This equation has been solved in Fabrikant
(1971), and its exact solution reads

Here (= pt' ''''/(re -'oil). Expressions (15) can be used to obtain formulae for the potential
functions in the case of a distributed loading. This will lead to computation of various
integrals involving (24) and some functions of distance between points (sec. for example.
(17) and (18». The simplest integral to compute is

f
2ft f" !(Po. cpo)1= '-R----- Po dpu dcpo.

II 0 II

(25)

Here t is defined by (24). and Ro is given by (16). Let us make usc of the integral
representation (Fabrikant. 1989)

I 2 fPD , (fi(.'() ) [!i(x) - X2]1/2 dx
lf~ = ~ 0 I. PPo-'cP-cPo (r!-x2)112[l~(x)-fi(x)r

'I(X) = !{[(p+x)!+=!]1'2_[(p-X)!+=!]I!!}.

'2(X) = W(p+X)2 +=!]112 + [(p_X)2 +=!] II!}.
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l-k C

;.(k.l/I) =-,------
I +k - - '2k cos t/I

('26)

and the series expansion for (24). namely.

Substitution of (26) and ('27) in (25) yields. after integration with respect to ¢u

(27)

Changing the order of integration and consequent integration with respect to Pu gives

4P.H'X' nn+l) f"[I~(X)-XCI,c(I~(.\")e-'<PIP)"dX
(= - --,- " -------.-- --_.-----,._-_._-,..._---.

n l ·G I .-:-u r(n+I/2)(re"v)"+' 11 I~(x)-/i(x)

The summation in (28) can be performed. with the result

(28)

(29)

Ily introducing a new variable y = II (x), X = y[ I +:::/( fl: - y:) Iii:, the integral (29) will take
the form

4P/I'XII("'" f" [ y . I (Y)'J dyI = - I + , ,. , Sill " , , ,.
nG, 11 (h--r)l. h (p--r)"(h--r)

Throughout this paper the abbreviations II and I: denote II(a) and I:(a) respectively. The
last integral can be computed in an elementary manner, and the final result is

(30)

Here q is dclined by (19), and h = preil<P "I. In order to lind the main potential functions
(15), we need to compute the integral

- I:' I" liT( 1'". Ip,,)pu dp" dlPuII - .
u" R,,+::

(31 )

This integral can be computed from (30) by means of application of the operator i\ to both
sides of (30) and consequent integration of the result twice with respect to ::. Application
of i\ to (30) yields the following integral

(32)

Integration of both sides 01'(32) with respect to; results in
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Various formulae from the Appendix were used in the intermediary transformations. Yet
another integration of (33) with respect to =gives

The last result allows us to dctine the potential functions (15) as follows:

. PH'/! { "!.Hi'!7.. ~ }
I', = I - - (' [j(:d+./(:t>I+ln (R, +=d .

"',- 1t"

(35)

Ikn: the notation was introduced

Now the complete solution ean be obtained by substitution of (35)(36) into (6) and (12),
The result is

y,,'I17. . ~

+ "" G' AU (=1) -./ (=3)]' (37)
1t I'IH ,

(38)

(39)
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p ~ Ie {2H:x.'IY~ C. ." q }
r:=., (" _") L. (-I) "G A.~_U(:d+J(:Ie)]+R.l

_1r I I I ~ Ie _ I 1C lie I ( - Ie

(40)

(41)

Here are the e~plicit e~pressions for various derivatives of f which will be needed

~t' = (h z ~I~i:)j: [lan ~ I ((I;Z-~:~i)I~1) -lan - I C;::=:Y;lc~)]

+f «(/~~~i~) 17~g:~~I;~ 1: Z ' (43)

(44)

(46)

(47)
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sin - I (~) [ " ]}b n p(a*-/j)
+ -(b~:---/:-'i -;),--..1 P+ b1 - n .
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(49)

(50)

Fonnulae (37)-(50) represent the main new results of this paper. One can notice th'lt some
of the derivatives still contain uncomputed integrals. but the main advantage is that those
integrals arc single, rather than douhh:. and that their integrands arc non-singular which
makes them easy to compute by any standard suhroutine.

The main results arc valid for isotropic hodies as well, provided that we substitute the
clastic eonst'lI1ts and compute the limits according to (13). These limits may be computed
hy using the L'lhipilal rule. The following scheme should be used:

lim [f(:d + l(::) ] = -f(:) - : - /'(:).
,·,'\',,1 111 1 -1 111:-1 2(1-~')

2( 1+ v)/(;) + :/'(:)

2(1- v)

lim ['_1/(: I) + ?!L~:l] = _ (I - 2\')/(:) +:/'(:) .
\'I~,,-I 111 1 -1 "'1-1 2(I-v)

Here the following rcl'ltionships were used

(51 )

(52)

(53)

(54)

(55)

(56)

and the symbol (') indicates differentiation with respect to z. The field of displacements in
the case of isotropy will take the form
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+ 1(;2I',).:.~ A[f(:) +l<:)]} . (57)
7C _ - \ (,_

I+ I' {I -')\' 1(I-11') _2}
I\' = ') /; I' '(1 ~ ,) [- (I -2v)U'(:) +/'(:)J +:[f"(;) +1"(:)J) + - Ji--=" + R=--l •

_7C • 7C - \ '11 11

(58)

The derivation of the Iield of stresses for the case of isotropy is lert to the reader.
It is of interest to investigate the inlluence of crack neck on the liekl of displacements.

This can be done by comparison of (57) ·(5X) with the case of an elastic half-space subjected
to a normal concentmted load P which is given by the last two terms in (57)-(58). As we
can sec. the most dilTerence will be achieved in the case of Poisson coellicient v = O. while
in the other extn.:me. namely. v = 1/2. both solutions coincide. The computations were
made for the case \' = O. {I = 2. r = 3. '" = O. (P = O. The value of u* = (u/tI)(2ttE}/[P( I + v)]
versus p/tl for; = O. ; = 0.5 and :: = I is given in Fig. 2. The negative value of p is
understood as its value for (p = n. A similar value of II'· = (lI'/a)(2ttE)/[P( I + 1')] is presented
in Fig. 3. In both ligures. the solid line curves correspond to formulae (57) and (58)
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respectively. while the dotted line curves describe the field in an elastic half-space subjected
to a normal load only. As we can see. the field of normal displacements is practically
unaffected even in this extreme case. while the field of tangential displacements differs
significantly in the vicinity of the applied force and the crack neck. All the dotted curves in
Fig. 2 go above the relevant solid line curves. A similar picture is observed in Fig. 3 for
positive p. and it becomes reverse for p negative.
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APPENDIX

We present here some mathematical results used in various transformations throu~hout this paper. The main
properties of I, and I, are:

1,1, ~,al'. I; +Ij ~ a' +,,' +:', (AI)

(I! -1,')"(1; -a'l" ~ :1,.

(a' -I;)"(lj -a')';: :a.

,'I, :1,

,': Ij-li'

,'I, al,-pl, p(a'-I;)
~,~ =h--:'i{ = I,(I;=-i;)'

lien.: are some derivatives used in the paper:

(a' -ti)'!'(I" -1;)Ii' = :1,.

(lj -,,')':'(,,' _I;)'" ~ :",

,'I, :1,
,):=/j-ti·

i1l, "I,-al, p(lj-a')
,',; = -/f=ir = 1~-il1-=t;)·

(A3)

, ." "e'''(I; -a')' ,
A(I ~ - ,r) , = - - -1-' - -I' - --

2- I

, -[ '(' /' +.,., ,') /'1'I' '" • a -, -- -I -,A -('-a') -= - - - --- ---
,': ' (lj -a')' '(lj -Ii)'

," • ",' a'«(;-p')", , ,
--(l;-a") 0 =-_.'- --.----- (/;+3/ 0-4,,0)
,':' " (lj-/i)""

" I ( , 1')"('-I')" __' I' -: i_
c': {/ , - lj-ti

i' , ." ",·..·:[I~-{/'(2{/'+2:: _,")1
A- ({/" -Ii) . = -------,.--,-c;----,-,--.

,': (a' -Ii) "'(/i _Ii)'

," , '" a'(,,'-I;)'" , , ,
- (,r -I') - = --------(4/10 -I' -31;).,':: , (lj-I;)' ,.

(M)

(AS)

(M)

(A7)

(AS)

(A9)

(AIO)

(All)
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, I (I' ') I ' •, 'I' ,., ,;-p" e , 'I'
~(a"- j) . = '", , = ~(I~-a") ",
ell 1,-1; e:'

. _,(a) I,(lj-a'l",~
i\sm I; =- 1,[lj-liJ e.

, . _, (a) a..r'''(lj -a')' , " " "" •
i\ Sin I; = tj[lj-li]' [3p I,+p 1,-6a I' +_/,].

il' . _,(~)= _!..(a'-IDU)_:[(/'(:!a'+:!:'-P')-I~l
iJ;:,sm I, iJ: il-Ii - (a'-li)"(tj-li)' '

iJ . _l(a) (((/'-li)") pe'''(a'-li)'' , , ,
i\;;: Sin 1- = - i\ I' I' = (I' I' J [31, +1, -4<1 ).c., ,- , . ,- ,)

(AI:!)

(AD)

(AI4)

(AI5)

(AI6)

(AI7)

Here we present some indefinite integrals of eltpressions containing I, and I,.

f ' " " "I1-:!a' 1" " ,
(I,-a')'" d;: = «(/'-1;)"-.,-- + -:;-In (/,+(1;-1")' '],

.(/ .

f ' ".,1i+2a'(Ii -a') "'Ii d;: = -a(a' - Ii> .'-3- +a'I" In [I, + (Ii _1") "I.

f ' "'.. 2a' -I;., '" 1". , (a)(a -I,) d. = .... ~... . (I, - a) +., Sill /'
.a _,

f, , ", \..," I' ,.., (a)I,(tr-/i)" d: = a(li -(/")'(2,/" + ,)+a'l" Sill I,'

f , ."Ii "",[ Xa' 4a,+.'1;J(I, -,/") .. Ii d: '" (/(a" -Ii) . 1- 15/" - 15d' ,

f(a'-li)'" 1 [a(li-(/')I: . . ' (a)J.. ---···d· '" .- -'Ill"n(li -I;) - 2a' Ii . I,'

f· ,(u) .. ,(a) , "" I ' " 'ISIll- I~ d:=;:slll' I~ -(u'-li)'+,l1n[,+(li-I")',

f . (a) ",. (u) , , ,:!a'+1i
:SIll-' I; d: = 1(2'J'+2:"+I")sm-' i; +(li- a')" - 4a '

(AlB)

(AI9)

(A2IJ)

(Am

(A22)

(A23)

(A24)

(A25)

(A26)

(A27)

f:' sin' , (~) d: = I:J sin" (~) + ,l,(a' -Ii) 'iZ(3!i +(,1" +Xu' -21i) - ~u(31" + :!a') In [I, + (lj -I") 'l

(A2K)

The integration in (AIX) ..(A211) was performed by parts. with a eonseljucnt eh:mge of v:lriablcs:
;: = (a' -fi)l/'(p' -li)I/'II, or: = (Ii -a')'il(li -p')'''II,.


